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Abstract

This tech report describe the underlying theory and methodology for terrain
dynamics in the multipurpose physics engine AGX Dynamics.

The model, agxTerrain , supports real-time simulation of soil and heavy
equipment in strong coupling, and with rich dynamics and high precision. The
soil can assume both solid, liquid and gas form depending on the level of agita-
tion. This is realized through a multi-scale model that combines the standard
continuum soil mechanics with particle and multi-body dynamics, representing
only the essential degrees of freedom.

A number of different earth-moving operations can be simulated with real-
istic soil behavior and reaction forces on the tool and machine. These include
bulldozing, compaction, digging, filling, grading, leveling and loading. The re-
action forces on blades and buckets include both the soil separation force and
penetration force, as well as inertial effects of the moving soil. The model sup-
port variable state of soil compaction and swelling, from the material being put
under high contact stress or being fluidized. The soil strength and stiffness is
also altered by this.

The key model parameters are the conventional bulk mechanical parameters
of soil. A library of pre-calibrated soils is provided. The geometry of the tool,
specifically its cutting edge (with or without teeth), separation plate and the
back and side walls of a bucket are also important model parameters

Model validation and parameter calibration using high-resolution discrete
element and multibody simulations is demonstrated. The examples show good
agreement in soil dynamics and tool reaction forces between the realtime mul-
tiscale model and the high-resolution reference model.
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1 Introduction

High-performance simulation of heavy machines interacting with complex materials, such as
rock and soil, is rewarding but challenging. Real-time performance is required for simulators
with operators and hardware in the loop, which has important applications in operator
training, human-machine interface development and experimental testing of new functions
for automation.

The development of new machines and automation functions involve parameter studies
and optimization in large design spaces. The breakthrough in recent years in deep learning
is promising for a autonomous control with ability to generalize beyond the standard sce-
narios. However, the success of these techniques rely on access to large data-sets from many
simulations. Running 100,000 simulations of 10 s duration require about 300 CPU hours
of computing time, given that the simulations run at realtime. If the learning algorithm
allow the simulations to be run mostly in parallel these numbers are manageable. But for
harder problems, that require more and longer simulations, faster than realtime simula-
tion is clearly needed. At the same time, it is important that the simulation models have
faithful physics and rest on a solid mathematical foundation such that the level of realism
can be verified and controlled. Furthermore, the involved models and algorithms should be
easy for the user to understand, parameterize and validate through domain knowledge and
empirical test data. These are important features for a solution to be transferable from
simulation to the real system.

This report present a new solution for computational modelling and realtime simulation
of terrain dynamics under the interaction with heavy equipment vehicles. The development
is driven by, but not limited to, the need for simulation-based development of autonomous
capabilities in earthmoving equipment as well as operator training.

Algoryx is a global technology leader in high-fidelity realtime physics and multibody
simulation of complex machines. AGX Dynamics is a multi-purpose physics engine for sim-
ulators, VR applications, engineering and scientific simulation of mechatronics, materials
and industrial processes. Typical systems include vehicles, robots, cranes and other com-
plex mechanisms found in manufacturing, transportation, construction and bulk material
processing. Realtime deformable terrain has been available since 2012. Development of a
next generation of realtime terrain, with unprecedented grade of fidelity and realism, was
initiated in 2018. The new solution, described in this report, is referred to as agxTerrain

.

2 Theoretical background

The agxTerrain is a multi-scale model based multibody systems dynamics, the discrete
element method (DEM) and continuum soil mechanics. Textbooks that provide a relevant
background include Dynamics of Multibody Systems by Shabana [52], Granular Media:
Between Fluid and Solid by Andreotti, Forterre and Polouquen [3], An Introduction to Soil
Mechanics [58] by Verruijt, Soil Cutting and Tillage by MckYes [34] and Theory of Ground
Vehicles by Wong [64].

2.1 Modelling framework

It is a common approach to model vehicles and mechanical devices as rigid multibody
systems and to use the discrete element method (DEM) for modelling of soil. The physics
engine AGX Dynamics rest on a modelling and simulation framework based on discrete
variational mechanics with nonsmooth dynamics. It support multidomain and multiphysics
simulation with particular emphasis on multibody dynamics. The AGX framework for
modelling and simulation enables fast and stable simulations using time integration with
fixed and large time-step [30], typically 17 ms (60 Hz).
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2.1.1 Rigid multibody dynamics

The state of a rigid multibody system with Nb bodies, Nj joints and actuators and Nc

contacts, is represented on descriptor form in terms of the system position, x(t) ∈ R6Nb ,
velocity, v(t) ∈ R6Nb , and Lagrange multipliers, λj(t) ∈ R6Nj and λc(t) ∈ R6Nc , that are
responsible for the constraint forces in joints and contacts. The system position variable is
a concatenation of the spatial and rotational coordinates of the Nb bodies, x = [x, e], and
the velocity vector holds the linear and angular velocities, v = [v,ω]. The time evolution
of the multibody system state variables [x,v,λ] is given by the following set of equations

Mv̇ = fext +GT
j λj +GT

c λc (1)

εjλj + ηjgj + τjGjv = uj, (2)

contact law(v,λc, gc,Gc), (3)

where fext is the external force, which like the constraint forces, GT
j λj and GT

c λc, have

dimension R6Nb and is composed of linear force and torque. The system mass matrix isM ∈
R6Nb×6Nb . Eq. (2) is a generic constraint equation. An ideal joint is can be represented
with εj = τj = uj = 0, in which case Eq. (2) express a holonomic constraint, gj(x) = 0. A
linear or angular motor may be represented by a velocity constraint Gjv = uj(t) with set
speed uj(t), which follows by setting εj = ηj = 0 and τj = 1. In the general case, Eq. (2)
model a joint with constraint function gj(x), Jacobian G = ∂g/∂x, joint compliance εj and
viscous damping rate τj. The holonomic and nonholonomic constraints can be seen as the
limit of a stiff potential, Uε = 1

2εg
Tg, or a Rayleigh dissipation function, Rτ = 1

2τ (Gv)TGv,
respectively. This offer the possibility of mapping known models of viscoelasticity to the
compliant constraints. Descriptor form means that no coordinate reduction is made. The
system is represented explicitly with its full degrees of freedom, although the presence of
constraints. This is necessary for non-ideal joints and for dynamic contacts at arbitrary
locations.

2.1.2 Contact dynamics

We consider the system to have nonsmooth dynamics [1]. That means that the velocity
and Lagrange multipliers are allowed to be discontinuous in time, reflecting instantaneous
changes from impacts, frictional stick-slip transitions or joints and actuators reaching their
limits. This is unavoidable when using an implicit integration scheme1 because of the
coupling between the state variables trough the contact law Eq. (3).

As contact law between particles we use a model that include cohesive-viscoelastic nor-
mal contacts (n), tangential Coulomb friction (t) and rolling resistance (r). These are for-
mulated in terms of inequality and complementarity conditions for the velocities, Lagrange
multipliers an constraint functions. The resulting model can be seen as a time-implicit
version of conventional discrete element method (DEM) and is therefore referred to as
nonsmooth DEM (NDEM) [45, 50]. We use the following conditions as contact law:

0 ≤ εnλn + gn + τnGnv ⊥ (λn + λ̄c) ≥ 0, λ̄c ≡ cpAp/|GT
n | (4)

γtλt +Gtv = 0, |λt| ≤ µt|GT
n λn| (5)

γrλr +Grv = 0, |λr| ≤ rµr|GT
n λn|, (6)

where gn is a function of the contact overlap and the Jacobians, Gn, Gt and Gr govern the
normal, tangent and rotational directions of the contact forces [50]. The parameters εn, τn,
γt in Eq. (4) control the contact compliance and damping, and λ̄c the cohesion. Setting
these parameters to zero means that no penetration should occur, gn(x) ≥ 0, and if so the

1The alternative is to resolve the contact events using smooth trajectories, stiff potentials and small time-
step explicit time integration. In the limit of high stiffness and small mass, the simulation time increase
indefinitely with this approach.
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normal force should be repulsive, λn ≥ 0. The inclusion of λ̄c enables cohesive normal force
with maximum value fmax

c = cpAp, where cp is the particle cohesion and Ap is the particle
cross section area. The cohesion is active when the contact overlap is smaller than a certain
cohesive overlap, with recommended value δc = 0.025d. This reduces the effective size of
the particles correspondingly. Eq. (5) state that contacts should have zero slide velocity,
Gtv = 0, giving rise to a friction force that is bounded by the Coulomb friction law with
friction coefficient µt. Similarly, Eq. (6) states that, as long as the constraint torque is
no greater than the rolling resistance law, relative rotational motion of contacting bodies
is constrained, Grv = 0. Here, µr is the rolling resistance coefficient and r is the particle
radius.

We separate collisions into resting contacts and impacts using an impact threshold
velocity vimp. If the relative contact velocity is smaller than this value the contacts are
modelled as described above. In case of impacts we apply the Newton impact law

Gnv
+ = −eGnv

−, (7)

with restitution coefficient e, while preserving all other constraints in the system on the
velocity level, Gv+ = 0. This is carried out in an impact stage solve, prior to the main
solve for the constrained equations of motions (1)-(3). With this division, the restitution
coefficient become the key parameter for modelling the dissipative part of the normal force.
For the resting contacts we can simply enforce numerical stability using τn = 4.5∆t with
little consequence of the damping being artificially strong [61].

2.1.3 Nonsmooth discrete elements

We map the normal contact law, Eq. (4), to the non-linear Hertz-Mindlin contact model,
which follows from the theory of linear elasticity [23]. In that model the normal force is
split into an nonlinear spring and viscous damper force

fn = knδ
3/2n+ kncdδ

1/2δ̇n, (8)

where δ(x) and δ̇(x) is the contact overlap and penetration velocity of a pair of contacting
spherical particles. The spring stiffness and damping coefficients are

kn =
E
√

2d∗

3(1− ν2)
, cd =

4(1− ν2)(1− 2ν)η

15Eν2
, (9)

where E is the Young’s modulus, ν is Poisson’s ratio and η is the material viscosity constant.
The effective diameter between two interacting spheres, a and b, with diameter da and db
is d∗ = (d−1

a + d−1
b )−1. The mapping to Eq. (4) is accomplished by gn = δ5/4, εn = 5/4kn

and τn = max(5cd/4, 4.5∆t). In the limit of small time-step, 5cd/4 > 4.5∆t , the Newton
impact law can be dropped and the damping be resolved using the dissipative part of the
Hertz model.

The particle shape is an important material parameter for granular matter and soil.
Particle angularity can have significant effect on the bulk internal friction and on the angle
of repose. Complex particle shape is, however, also associated with increased computational
complexity in simulations. Both the number of contacts and the time for computing each
contact point increase with more complex shapes. It has been shown, both theoretically
and experimentally, that many effects of particle angularity can be modelled with spherical
particles possessing rolling resistance [42, 12, 15, 62]. As pointed out in [12], a n-sided
polygon exhibit a rolling dilatancy angle ψ = π/2n that lead to rolling resistance torque,
τr ≤ µr(d/2)|fn|, with rolling resistance coefficient µr = (1/4) tanψ. This formula predicts
µr = 0.05 for an eight-sided polygon (n = 8), µr = 0.1 for a square(n = 4) and µr = 0 for a
sphere (n =∞). This is illustrated in Fig. 1.
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Figure 1: Illustration of the relationship between polygon shape and rolling resistance, reproduced
from [12].

2.1.4 Time-stepping scheme

Equation (1) and (2) form a set of differential algebraic equations (DAE) for the system
variables [x,v,λ]. Unfortunately, DAEs are prone to numerical instability. The theory
of discrete variational mechanics offers a way to construct time-stepping algorithms with
symmetry-preserving properties for mechanical systems. The key is to introduce discrete
time already for the Lagrangian and action principle. The important symmetry properties,
e.g., preservation of energy and momentum, can this way be built into the numerical scheme
by design. The symplectic property of these integrators guarantee numerical stability and
produce numerical solutions that shadow the exact trajectory with global bounds that
depend on the time-step size. In many simulations of dynamical systems these properties
are more important than high local resolution with an integrator that may diverge globally
with time. SPOOK [28] is a first order accurate discrete variational integrator, developed
particularly for fixed time-step realtime simulation with non-ideal constraints, like Eq. (1)-
(2). It has been proven to be linearly stable. The numerical time integration scheme
for computing the position, velocity and Lagrange multiplier, [xi+1,vi+1,λi+1] at time
ti+1 = ti + ∆t from previous state, [xi,vi], at time ti consist of a position update

xi+1 = xi + ∆tvi+1, (10)

after having computed the new velocity and Lagrange multiplier z = [vi+1,λi+1] by solving
the following mixed complementarity problem (MCP) [36]

Hz + b = wl −wu

0 ≤ z− l ⊥ wl ≥ 0

0 ≤ u− z ⊥ wu ≥ 0

(11)

where

H =


M −GT

j −GT
n −GT

t −GT
r

Gj Σj 0 0 0
Gn 0 Σn 0 0
Gt 0 0 Σt 0
Gr 0 0 0 Σr

 ,z =


vi+1

λj

λn

λt

λr

 , b =


−Mvi − ∆tM−1fext

−ωj + 4
∆t

Υjgj −ΥjGjvi
4

∆t
Υngn −ΥnGnvi

0
0

 . (12)

For notational convenience, a factor ∆t has been absorbed in the multipliers such that the
constraint force reads GTλ/∆t. The upper and lower limits, u and l, in Eq. (11), follow
from the contact law and joint and motor limits. Since the limits depend on the solution,
this is a partially nonlinear complementarity problem. The slack variables wl and wu are
used only internally by the MCP solver only. The regularization and damping terms are
given by Σn = 4εn/∆t

2(1 + 4 τn∆t ), Σt = γt/∆t, Σr = γr/∆t and Υn = 1/(1 + 4 τn∆t ).

2.1.5 Hybrid direct-iterative split solver

AGX has both direct and iterative MCP solvers that are tailored for the sparse linear
algebra operations of contacting multibody systems. The direct solver is needed for vehicle
dynamics and power transmission, characterized by large mass ratios and high stiffness
that lead to equations with large condition number. The direct solver is a sparse direct
block-pivot LDLT solver [29] and is exact to machine precision. The scalable iterative
solver provides a fast and approximate solution of granular dynamics. The coupling can be
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solved either using a direct or iterative method, or a combination. AGX is equipped with a
hybrid direct-iterative solver with a smart splitting scheme. This support the simultaneous
use of both type of solvers for simulating coupled system, with different precision in the
sub-system solutions. The result is simulations that combine high performance, accuracy
and scalability

The dynamics of the granular material is solved to lower precision using a projected
Gauss-Seidel (PGS) solver for the MCP [50]. To accelerate the PGS solver computations,
we employ domain decomposition for parallel processing, warmstarting [59] and model
reduction [49].

2.1.6 Time-step and solver iterations in NDEM simulations

For a given error tolerance ε in a NDEM simulation, the time-step should be chosen [51]

∆t . min(εd/vn,
√

2εd/v̇n) (13)

where vn is the normal contact velocity and v̇n is the largest potential acceleration that
can occur from the forces acting on a particle. In a dense packing with mean stress σ
the potential acceleration can be estimated by v̇n ∼ σAp/mp, with particle cross-section
Ap = πd2/4, mass mp. In the absence of external loads, from which the stress can be
estimated from, the potential acceleration can be estimated with the gravity acceleration.

The required number of projected Gauss-Seidel iterations has been found empirically to
satisfy the relation [51]

Nit & 0.1n/ε (14)

where n is the length of the contact network (number of particles) in the direction of the
dominant stress. When warm-starting is applied, this can be reduced by a factor 2 to 5
[60].

Example 1. Choose an error tolerance of ε = 0.05, and consider a system with vn ≈ 1
m/s, particle diameter dp = 0.05 m, mass mp = 0.2 kg confined in a cubic container with
side length L = 1.0 m and wall pressure σ. For a pressure of σ = 1.0 kPa the acceleration
become v̇n = 10 m/s2 and the time-step limits ∆t . min(50, 20) ms. For the larger pressure
σ = 100 kPa we ∆t . 2 ms. Since the side-length is n ∼ 20 particle diameters, the number
of iterations become Nit & 40.

2.2 Soil

Soil is the relatively loose layer of material resting on the bedrock [11, 58]. It is a het-
erogeneous media consisting of a mixture of mineral particles of different size and shape,
containing some amount of moisture and gas. Sometimes the presence of organic matter is
substantial and important for the mechanical properties, e.g., fiber-reinforcement by roots.
In the presence of fine particles (< 100µm) and moisture, the attractive interparticle forces
(due to surface tension) become comparable in size to the repulsive forces and the mate-
rial behave cohesive, i.e., exhibit resistance to tensile deformations and additional shear
strength to that from the particle friction and interlocking. Clay and silt are cohesive soils
that are distinguished by particle size. In the absence of fine particles or moisture the soil
become cohesionless, also known as friction soil, and is considered to be a granular material
[3]. Sand, gravel and cobbles are examples of cohesionless soil. A general soil has a particle
size distribution that may include all of the mentioned types.

Cohesionless soil exhibit shear resistance due to particle friction and interlocking from
strong normal force network. The particle friction force is limited by the Coulomb law.
Therefore, if the normal stress increase, the shear resistance of the bulk increase corre-
spondingly. The critical ratio over shear stress and normal stress where a material fail
is known as the internal friction. It depends on the interparticle surface friction, on the

5
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particle shape and packing ratio. Shearing can normally not occur without the material
expanding at the same time, known as dilatancy. Therefore, confined and densely packed
materials can be very strong. The angle of repose, i.e. the maximum stable slope of a pile,
coincide well with the internal friction angle (of loosely packed materials).

The water content has major impact on the mechanical properties for fine-grained soils.
At low moisture level, the material may appear as a brittle solid (due to attractive chemical
bonds, cementation, in addition to friction). When the water content exceeds the so called
plastic limit it behaves like a plastic solid. If the moisture level exceeds the liquid limit
it transitions to a non-Newtonian fluid. The reason is that in a saturated soil, the liquid
and particles share the normal stress, i.e., the hydrostatic pressure mediated by the nearly
incompressible liquid relieve the normal stress on the particles from the contact network.
As a consequence, the maximum interparticle friction force decrease. The effective stress is
simply the total stress subtracted by the pore pressure. Thus, a stable soil structure can lose
its bearing capacity just by an increase in pore pressure, e.g., due to rainfall. Conversely, a
negative pore pressure increases the strength of the material. This is what give the initial
strength to a sandcastle. As it dries, the pore pressure suction is lost, and it collapses more
easily.

2.2.1 Soil dynamics

Like granular media, soil can exist in either solid, fluid or gaseous state. Due to strong dis-
sipation, the soil transitions quickly from gas to fluid to solid unless there is a sufficient level
of external agitation (vibrations or a moving tool) or during the escape from a a metastable
state (slope failure). There is no general theory for soil dynamics that describe both the
solid, fluid and gaseous state. In the solid regime, the material may be modelled as an
elastoplastic solid. In the fluid regime, where the rate of strain and deformations are large,
the dynamics is better modelled using a non-Newtonian fluid model. The gaseous regime
requires either multiphase fluid description, kinetic theory or resolution of the individual
particles, e.g., by discrete elements. The latter two are, however, too computational intense
for real-time simulation of large domains.

On large length-scales, relative to particle size, a soil may be modelled using continuum
mechanics. When the stresses are below a certain yield strength condition, it behaves as an
elastic solid according to some constitutive relating stress to strain, e.g., Hooke’s law. When
the stresses reach the yield condition the solid fails. If the material deforms quasistatically
it may be modelled as an elastoplastic solid, with a certain plastic flow rule. The solid may
fracture by brittle failure (for clay and silt with water content below the plastic limit).

The governing equations in continuum mechanics are the momentum balance equation

ρ [∂t + u ·∇]u = ∇ · σ + ρfext, (15)

and the mass continuity equation

∂tρ+ ∇ · [ρu] = 0, (16)

where u(x) is the velocity field and ρ(x) is the mass density field. The equation system is
closed with some constitutive equation for the stress σ(x). In the regime of linear elastic
deformations the Hooke’s law applies, σ = Cε, where ε(x) is the strain tensor. For a linear
viscous fluid, the stress is depends linearly on the rate of strain ε̇ = 1

2 [∇Tu+ ∇uT ].
The simplest yield condition for soil is the Mohr-Coulomb criteria. It predicts that a

rigid or elastic continuum will fail along any plane with normal n where the stress satisfies

τn = tan(φ)σn + c, (17)

where the normal stress is σn = σαβnβ and the shear stress is τn =
√

(σ · n)2 − σ2
n. The

model has two parameters for the strength of the material. the angle of internal friction,

6
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φ, and the cohesion, c. Analogously with Coulomb friction, the critical shear strength
grows linearly with the normal stress (pressure). At zero pressure the shear stress must
also overcome the cohesive strength of the material.

The Drucker-Prager yield criteria is a 3D generalization of Mohr-Coulomb, with the
advantage of being a smooth failure surface. It is conventionally expressed in terms of the
stress invariants as √

J2 =
η

3
I1 + ξc, (18)

where I1 = tr(σ) is the first invariant of the stress tensor, J2 = 0.5tr(σ̄2) is the second
invariant of the deviatoric stress tensor σ̄ = σ − 1

3I11, and η = 6 sinφ/
√

3 (3− sinφ) and

ξ = 6 cosφ/
√

3 (3− sinφ). There are extensions of the Drucker-Prager model with a cap at
large pressure for modelling dynamic compaction.

Soil materials can form piles and slopes with surface inclination up to a critical angle
of repose. For cohesion-free materials the angle of repose coincides well with the internal
friction angle. With cohesion it may be larger [35]. Small piles may be as steep as 90
degrees. In large piles the gravity force dominate over the cohesion, c/ρgh cos(φ)� 1 with
pile height h, and the angle of repose depend primarily on the internal friction. With a
high moisture content, the effective normal stress decrease and the angle of repose with it.
If the angle of repose is exceeded, or if a load is applied which cause the deviatoric stress
to increases more than the normal stress, the material fails and start flowing. The same
happens if the moisture content increases.

Quasistatic deformations at the plastic yield surface, Φ(σ) = 0, can be described by an
elastoplastic model for the stress increment, dσ = C(dε− dεp), with a plastic flow rule for
the plastic strain increment (possibly with kinematic constraint), dεp = λ∂σΨ, with plastic
potential function Ψ(σ) and plastic multiplier λ (to be solved for). Other elastoplastic
constitutive law is the Cam-clay model. Numerical integration schemes for the plastic flow
can be found in [38].

In the liquid regime, the material may be described as a non-Newtonian fluid with
particular constitutive law between stress and strain-rate, e.g. as a Bingham-fluid. The so-
called µ(I) rheology models describes dense granular flow as an non-Newtonian fluid with
internal friction, modelled as viscosity, being a function of the inertial number [44, 24].
This model shows very good agreement with experiments and require few parameters for
spherical particle systems. However, there is currently no way of extending the model to
particles with a distribution in size and shape.

Landslides, debris flow and avalanches has attracted particular attention and there are
dedicated models for describing their dynamics [2, 18, 19]. A gravity driven rapid shear
flow drives particle segregation. Large particles and boulders are transported to the top
and front of the flow [14].

2.3 Soil tool-interaction

By soil-tool interaction we mean the displacement or material flow that is induced by a
tool of particular shape and motion, and the reaction force exerted by the soil on the tool.
Example of different tools include blade, bucket, cone, drum roller, plow, ripper and wedge.
Critical stresses cause shear failure. In soil-tool interaction the failure is often localized
along a well-defined failure surface, a phenomena known as strain localization or shear
band formation. The failure surface can be estimated from the theory of elastoplasticity
and critical states for certain states of stationary equilibrium between a tool and a soil.
Examples are found in [34] and [13]. We refer to the region confined by the tool, failure
surface and the free surface as the active zone.
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2.3.1 Blade

A blade, or separating plate, has two basic modes of operation, penetration and separation.
Penetration is the motion straight into the soil with relative velocity in tangential direction
of the plate only. It does not lead to significant deformation, as soil is displaced only locally
to make space for the penetrating plate. The penetration resistance caused by the soil-tool
friction and confining pressure may nevertheless be significant. Separation corresponds to
movement normal to the plate and is the main cause of soil failure and large displacements.
The edge where the blade meet the material is referred to as the cutting edge. See Fig. 2

direction of motion

failure surface

soil wedge

surcharge

soil floor

direction of motion

friction

surcharge weight
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Figure 2: Illustration of a blade interacting with a soil. There are two modes of operation,
penetration and separation (left). The formation of a wedge shaped active zone (middle). The soil
resistance when a blade pushes the soil (right).

The cutting and pushing of soil with a wide blade has been thoroughly investigated
analytically, experimentally and numerically [34, 25, 40, 48, 53, 57]. It is a combination
of penetration and plate separation. The latter is the dominant force in most bulldozing
situations and the penetration resistance is often neglected in such applications.

The shape of the failure surface can be computed analytically in the two dimensional
case, applicable for a wide blade, using the method of stress characteristics and assuming
the Mohr-Coulomb criteria [34]. The failure surface is often approximated with a plane.
This defines an active zone with the shape of a wedge. Rankine’s theory [3] for a flat soil
with a blade pushing on it in the horizontal direction predicts that the soil fails at an angle
θ = π/4 − φ/2 against the horizontal. In three dimensions, the failure surface extends
sideways also, which cause long berms along the sides of a pushing blade.

The separation force acting on the blade when moving at a constant speed is well
described using the Fundamental Earthmoving Equation (FEE) [46]. The FEE is motivated
by wedge model of the soil failure. The force resistance per tool width L, in the FEE is
composed of four terms

F

L
= ρgd2Nγ +QNQ + cdNc + cadNa, (19)

with specific soil mass density ρ, tool penetration depth d, soil cohesion c, surcharge force
Q (per tool width) and soil-tool adhesion ca. The first term is the due to the weight of the
wedge, the second term is the additional (vertical) surcharge, the third term the cohesive
force in the failure surface, and the fourth term is the resistance due the adhesion between
the blade and the soil. The four N -factors (found in the listed literature) depend of the
geometry failure zone, the tool geometry, the internal friction and the soil-tool surface
friction. The quadratic dependency on the cutting depth d reflect that the weight depends
linearly on the cross-section area of the failure zone. Note that the cohesive and adhesive
force terms are proportional to the area of the failure surface and blade contact surface,
respectively. One key limitation of the FEE is that it assumes stationary equilibrium and
low speed of the blade and soil flow.
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2.3.2 Bucket

An excavator or wheel loader bucket is basically composed of a ground plate, a curved back
plate and two side plates, see Fig. 3. The ground plate functions as a separating plate with
a cutting edge. Just like the bulldozer blade, it is responsible for cutting through the soil
and separating it. The cutting edge is often equipped with pointed teeth that facilitates
the penetration into the soil surface. According to McKyes [34], the side-walls constrain
the soil failure to the forward direction, i.e., to behave more like for a wide blade than a
narrow blade.

As the bucket is filled, a dead load of immobile soil is formed in the back of the bucket.
This form an implicit, secondary separation plate. It is pointed out by Park [41] that it is
important to capture the transition from a primary to a secondary separating plate when
modelling the soil displacement and reaction force for buckets.

teeth

primary separation plate

curved 

back plate

secondary separation plate

side plates

primary separation plate

secondary separation plate

a0

α

amax

bucket tooth

separation plate pn

ca + pntan δ

pt

ca + pttan δ

potential

deadload

Figure 3: The basic design of a bucket with the primary and secondary separation plates indicated
is illustrated in the left and middle images (reproduced from [41]). The penetration force on the
teeth and primary separation plate are shown in the right image.

A review of resistive force models for excavation machines is provided in [7]. Blouin
divide the fundamental earthmoving action into penetration, cutting (or separation) and
loading (or excavation). The cutting phase is considered to be a lateral motion with constant
rake angle, which is the inclination of the bucket. This is basically a bulldozing operation.
The force resistance is therefore modelled using the FEE alone or in combination with a
penetration force.

The FEE is, however, only applicable under limited conditions. It does not apply
directly to soil separation in sloped terrain. Also, the FEE does not automatically consider
the formation of a secondary separation plate by the accumulated dead load of material in
the bucket. This act like a pushing blade with an inclination that may be very different from
that of the ground plate. Extensions of the FEE to sloped terrain is provided in [32, 6] and
in more detail later in the thesis of Park [41], based on the passive earth pressure theory.
Park suggest the following failure angle between the failure plane and possibly inclined soil
surface is

θPark =

(
π

4
− φ+ δ

2

)
+

(
π

4
− β

2

)
, (20)

where δ = arctan(µtool) is the soil-tool surface friction angle and β is the angle of the
separation plate relative to the soil surface.

2.3.3 Penetration resistance

Pure penetration occurs when a thin tool moves straight into the terrain, displacing only
the soil necessary for fitting the tool. Buckets are sometimes penetrated deep into the soil
before separation (cutting) starts. In strong soil, the penetration resistance may also be
significant throughout the cutting phase.

The penetration resistance experienced by a tool consists of two main parts: from the
teeth (or edge) and from the primary separating plate [6, 41]. The situation is illustrated
in Fig. 3. The resistance from the separating plate contacting the soil is simply modelled
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by a frictional force proportional to the passive earth pressure in the soil. There may also
be adhesion force acting in tangential direction. Park model these two forces by [41]

fps = (ca + µtoolpn)As (21)

where ca is the adhesion between soil and plate, pn is the normal pressure on the soil plate,
µtool is the friction between the soil and the plate, and As the area of the separating plate
penetrating the soil. The normal pressure is given by Bennett et al. [6] as

pn =
1

2
ρgz [(1 +K0) + (1−K0) cos(2β)] , (22)

where K0 is the coefficient of lateral earth pressure, ρ is the specific soil mass density, z is
the penetration depth and β is the insertion angle. A simple model for the coefficient of
lateral earth pressure is given by Jaky [21] as K0 = 1− sinφ.

The resistance due to the tool’s teeth can be modelled in a similar way

fpt = nt [pt + (ca + µtoolpt)/ tanα]At (23)

where nt is the number of teeth with cross-section area At and tooth angle α. The major
difference is that the pressure at the teeth, pt, is not the same as the passive earth pressure.
The teeth experience a higher pressure because they are actively deforming the soil to
accommodate the full size of the teeth. When the teeth have fully penetrated the soil it is
assumed that enough space has been created for the complete separating plate to fit.

The pressure on the teeth during penetration can be modelled using the finite cavity
expansion model by Yu and Houlsby [66], which assumes a linear elastoplastic soil model
with a Mohr-Coulomb yield criterion. The model explains how a soil cavity of size a grows
and the pressure pt required for making it grow further by radial expansion. The material
parameters are Young’s modulus E, Poisson ratio ν, internal friction angle φ, cohesion c
and angle of dilation ψ. The tool teeth is assumed to have diameter a0 at the tip and amax

at the base. The tooth pressure, pt, is solved from the cavity pressure ratio

R =
(m+ ᾱ)[Ȳ + (ᾱ− 1)pt]

ᾱ(1 +m)[Ȳ + (ᾱ− 1)p0]
(24)

where p0 = ρgz is the lateral earth pressure, m distinguish between cylindrical (m = 1) and
spherical (m = 2) cavity expansion, and the parameters ᾱ and Ȳ are defined in Appendix
A. Before Eq. (24) can be solved for pt, one must solve cavity pressure ratio, R, from the
following pressure expansion relationship

a

a0
=

 R−γ̄

(1− δ̄)
β̄

β̄+m − γ̄
η̄Λ1(R, ξ̄)


β̄

β̄+m

(25)

where a ∈ [a0, amax] is the current cavity size depending on the penetration depth and
the parameters β̄, γ̄, δ̄, η̄, ξ and G are given in Appendix A. The series is Λ1(x, y) =∑∞
n=0

yn

n!(n−γ̄) [xn−γ̄ − 1], unless the improbable case of γ = n [66]. The series converges

rapidly and may be truncated after a few terms (we use four terms). At the transition from
elastic to plastic behavior, R = 1 and Λ1 = 0. In that case the tooth pressure simplifies to

pt = p0 + 2mGδ = p0 +
Y + (α− 1)p0

2(m+ α)/m
. (26)

This limit is both relevant and simple to implement.
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2.4 Stress distribution from a load

The stress distribution in a semi-infinite, homogeneous, isotropic elastic medium can be
computed analytically in a number of different load cases. The solution for a point load
was first derived by Boussinesq. The vertical stress at a depth z under a uniform load, σs,
distributed over a circular area As is given by

σv
z (z, σs, As) = σs

[
1−

(
z√

As + z2

)3
]
. (27)

2.5 Variable soil compaction

The mass density and material strength of a soil depends on its state of compaction, mois-
ture content and pore pressure. The nominal state of a soil is also referred to as the bank
state. This refer to a particular bulk mass density ρb, confining stress σb and strength
parameters φb, cb, etc. The bank stress is usually taken as σb = 1 kPa. If the confining
stress is increased to σ > σb the soil might compact such that ρ > ρb. There are several
equivalent ways to represent a state of compaction, e.g., the void ratio e = Vv/Vs, poros-
ity Vv/V or volume fraction ϕ = Vs/V , where Vv is the (internal) void volume, Vs is the
volume of solid particles and V = Vv + Vs is the total volume. An alternative measure of
compaction is the bulk mass density relative to the bank state ρ/ρb = Vb/V , where Vb is
the volume that the soil occupied in its bank state. For most soil, the shear strength and
stiffness increase with the level of compaction. When soil material is mobilized and subject
to shearing, e.g., being excavated or otherwise energized to flow, it expands in volume and
become looser and ρ decreases. Usually, the shear strength and the stiffness decrease when
the material become looser.

Mass swelling is simply a state of compaction where the mass density is less than the
nominal value for the material. This may occur if the soil is disturbed into a shear flow.
The swell factor is defined S = V/Vb such that ρ = S−1ρb. It ranges from 10-40% for most
soils [8]2. For broken rock it can range up to 50-80%.

2.5.1 Compressive strength

The compressive strength is usually characterized using the compression index [58, 11]

Cc ≡
eb − e

ln(σ/σb)
(28)

Many material show the logarithmic dependency between compaction and stress expressed
by Eq. (28). When the compression index is measured relative to the bank state it is known
as the Virgin compression curve (VCC). A typical range of compression index is from 0.01
to 10. Loose packed sand has compression index between 0.05 to 0.06 in the load range
from 100 kPa to 4 MPa, while dense packed sand has compression index between 0.02 to
0.03 3. The compression index for clay range from 0.2 to 5, the latter ones with organic
content. Peat may have compression index around 10. It is important not to confuse the
compression index with the compression constant4 Also, the compression index is many
times defined in terms of the base-10 logarithm instead of the natural logarithm. The two
compression index values differs then by a factor 2.3.

2https://www.engineeringtoolbox.com/soil-rock-bulking-factor-d_1557.html
3https://www.finesoftware.eu/help/geo5/en/compression-index-01/
4The state of compaction and compressive strength may also be measured in terms of the volumetric

strain ε = trε and a compression constant C̄c with the relation ε = −C̄−1
c ln(σ/σb). The compression

constant is related to the compression index by C̄−1
c = Cv/(1 + e).
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Note the identity e + 1 = (Vv + Vs)/Vs = V/Vs = ρs/ρ, with the particle mass density
ρs. Consequently eb − e = ρs(ρ− ρb)/ρbρ and hence5

ρ = ρb

[
1− ϕbCc ln

(
σ

σb

)]−1

(29)

where the relation for the volume fraction ϕ = (1 + e)−1 = ρ/ρs is used.

2.5.2 The effect of compaction on stiffness and shear strength

The state of compaction influences the stiffness and shear strength and of a soil. These
phenomena are covered by the critical-state theories, which extends conventional elastoplas-
ticity to include the compaction state as an internal variable. The most renowned model is
the Cam-Clay model [3].

To understand how the bulk elasticity depends on the compaction, start by considering
to contacting spherical bodies obeying the Hertz contact law f = kδ3/2, with overlap δ,
normal stiffness k = E∗

√
2d/3 in terms of the effective Young’s modulus E∗ = E/2(1− ν)

and the particle diameter d. In terms of stress σ = f/d2 and strain ε1D = δ/d this reads σ =

(
√

2/3)E∗ε3/2. By definition, the 1D bulk modulus become K1D = ∂σ/∂ε = (3/
√

2)E∗ε
1/2
1D

. Observe that the bulk stiffness is not constant but depend on the compression as ε1/2 =
η−1/2. This generalizes to higher dimensions of granular packings [3] K3D = ZE

√
∆V/V ,

where K0
3D is the bulk stiffness at a reference state (bank state) and Z is the average number

of contacts per grain, which may increase with compaction, i.e. Z(∆V/V ) . This suggest
that the bulk effective Young’s modulus scale as

Ebulk = E0
bulk

[
1± kE

∣∣∣∣ ρρb
− 1

∣∣∣∣nE
]

(30)

where we have used ∆V/V = ρ/ρb − 1, E0
bulk is the bulk elasticity at bank state, and kE

and ne are hardening parameters that for an ideal packing with constant Z have value 1
and 0.5, respectively. The sign depends on compaction versus expansion. Note that relative
density ρ/ρb may be substituted for the relative volume fraction ϕb/ϕ.

Compacted material experience larger dilatancy, expansion when shearing. The dila-
tancy add to the internal friction such that the (non-cohesive) Mohr-Coulomb law modifies
to τ = µ(φ, ψ)σ [3, 65], with

µ = tan(φ+ ψ) (31)

and internal friction angle φ and dilatancy angle ψ. Roux and Radjai [47] proposed

ψ = cϕ(ϕ− ϕc) = cρ

[
ρ

ρb
− ρc

ρb

]
(32)

for some constant cϕ and cρ, and ϕc and ρc is the critical packing fraction and density,
respectively, where the soil switch between positive dilation (volume expansion) and nega-
tive dilation (volume shrinkage) upon shearing. If the dilatancy is given in bank state, the
constant cρ can be determined from ψb = cρ[1− ρc/ρb].

2.6 Previous work on terrain simulation models

The first physics-based models for real-time simulation of heavy equipment and deformable
terrain appeared in the literature around 2000. Park [41] developed an elaborate model
for the digging resistance in soil for the purpose of construction excavator VR simulators.
The model extends the fundamental earthmoving equation from a blade (separating plate)
cutting a horisontal soil bed to digging in sloped terrain with a bucket. The shape of the

5This differs from the expression in [33], i.e., their C is not a dimensionless compression index.
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failure zone is approximated as a wedge. Park’s model include also penetration resistance
and the idea that deadload material in the bucket forms an effective secondary separation
plate.

The solution in Vortex from CM Labs Simulations combines the fundamental earthmov-
ing equation (FEE) with particle dynamics to model the cutting resistance and motion of
the soil [17]. Static soil, represented in a 3D grid, is adaptively converted into particles.
The portion of the terrain in front of the tool which has not yet undergone failure provide
resistance, limited by the FEE, and using the method of trial wedges. The extension by
[32] to sloped terrain is used for predicting the soil wedges. The particles exchange contact
forces with the tool and add weight (surcharge) the FEE. Two wheel-terrain interaction
models are implemented, the semi-empirical Bekker-Wong model [64] and model where the
stress in the contact interface is estimated using elasto-plasticity theory [4]. Also Mevea’s
solution [20] combine a grid and particle-based representation of the soil. Vertical contact
forces cause soil compression and displacement using a cellular automata. Horizontal con-
tact forces generates particles if the force is greater than some undisclosed shear impulse
limit.

Based on Bekker-Wong-Reece theory, Krenn and Hirzinger [27] developed the semi-
empirical soil contact model (SCM) for multi-body simulations of planetary rovers. The
model has been extended and evaluated for performeance in [9], and it has been imple-
mented in the Chrono Engine [55]. The model appear suitable for realtime simulation but
limited slowly moving vehicles, given the basic assumptions leading to the model. A similar
model for predicting the sub-soil stress and resulting deformation from detailed geometric
representation the tire and terrain interface was devloped by Madsen [33].

The meshfree elastoplastic terrain model developed by Nordberg and Servin [39] was
intended for realtime simulation including contacting multibody systems. It remains un-
known what performance can be achieved with an iterative solver at the necessary resolution
and mass ratios.

3 agxTerrain

3.1 Outline of the agxTerrain model

The agxTerrain is a multiscale model of terrain dynamics that combines standard contin-
uum soil mechanics with particle and rigid multibody dynamics. An adaptive model order
reduction (AMOR) technique provides automatic transformation between the different lev-
els of abstraction of the local terrain in the vicinity of a machine’s tool or ground contact
elements. Fig. 4 illustrate the main ideas.

The deformable solid is discretised in a regular grid of voxels that is assigned field
variables, including mass density, compaction, velocity etc. The boundary voxels, where
the mass density drop to zero, define a surface heightfield that is used for modeling contacts
with a machine or other objects. The contact forces on the surface imply a stress field in the
terrain that may cause soil compaction. A body that has the property of being a deformer
or a digging tool6 may also cause localized shear failure, i.e., soil cutting or displacement.

A digging tool is equipped with a cutting edge. A potential failure surface through the
soil is predicted when a cutting edge come in contact with a terrain. The shape of the
failure surface depends on the geometry of the tool and the terrain surface, and on the
local soil parameters. The volumetric region confined by the surface heightfield, contacting
object and the failure surface defines an active zone. The active zone may fail if in a state
of critical stress. The failure is manifested by a shear flow, either localized to the failure
surface or distributed over the bulk of the active zone.

The active zone is resolved into particles of variable size. When a cutting edge moves
into a resting terrain the solid voxel mass in the active zone is gradually converted to

6A digging tool is referred to as a shovel in AGX.
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ground truth model - NDEM particles and MBD vehicle 

voxelized bulk solid and fluid model pseudo-particle model 

rigid aggragate model

validation & calibration

AMORE hybrid model

Figure 4: The agxTerrain is a multiscale model that combine continuum soil mechanics with
particle and rigid multibody dynamics. The mass density, compaction and velocity fields of the
soil is represented in discrete form using a regular grid. In the digging tool’s active zone the
fluidized mass is resolved using a particle representation. The strong coupling between the tool
and the terrain is mediated using a low-dimensional rigid aggregate model for the the soil in the
active zone. The key model parameters are the standard bulk parameters of soil dynamics. The
model is validated and calibrated using a “ground truth” model with resolved soil dynamics using
nonsmooth DEM.
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particles by creation of new particles or growth of existing ones. This modifies the surface
heightfield to coincide with the failure surface. The conversion is designed to guarantee
mass preservation and support soil cutting at high precision.

The particle dynamics of the liberated soil is modelled using the nonsmooth DEM,
described in Sec. 2.1.3. Particles may contact with other particles, rigid bodies (tool) and
with the variable surface heightfield. The particles inherit their material properties from the
solid voxels from where they originate using a mapping between DEM model parameters
and the bulk mechanical parameters. The particles experience the contacting tool (rigid
body) as a kinematic objects.

The digging tool, and the multibody system it is part of, experience the material inside
the active zone as a single dynamic aggregate body, which is a pair of rigid bodies connected
by a 6 d.o.f. constraint with compliance and force limits that emulate the stiffness and
strength of material in the active zone. The centre of mass position, velocity and inertia of
the rigid aggregate is continuously updated from the current state of the particle system.
The aggregate interacts with the tool body and surface heightfield through contacts with
normal, frictional and adhesive forces. The use of the aggregate body as a proxy body
for the particles reduce the computational complexity substantially and ensures numerical
stability, allowing for large time-step integration and fast simulation.

When the digging tool penetrate the terrain surface it experiences also a penetration
resistance force in addition to the separation force and inertia of the aggregate body.

Particles that come to rest outside the active zone are converted back to solid ter-
rain, with the entire mass distributed over adjacent voxels respecting the maximum angle
of repose for the soil. Each voxel has a maximum solid occupancy (mass content) that
corresponds to the maximum bulk density of the soil.

The stiffness and strength of the solid terrain depend on the local state of compaction,
which in turn depend on the presence of external loads on the surface heightfield causing
subsoil stresses.

The key model parameters for either level of abstractions are the standard soil param-
eters. Values for these may be found in literature, or be identified and calibrated from
physical experiments directly, or via “ground truth” simulations of a reference model com-
posed of high-resolution particle system and rigid multibody system. Additional model
parameters are the geometry of the tool or ground contact elements, such as the cutting
edge and teeth. The compliance and strength of the aggregate body have default values
that may be calibrated also guided by NDEM “ground truth” simulations.

3.1.1 Main algorithm

The agxTerrain operates according to the following algorithm:
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1. Initialize the terrain.

(a) Assign mass distribution and bank state properties to voxels

(b) Apply terrain equilibration for a soil-consistent initial state

(c) Update surface heightfield

2. Initialize a machine with a tool

(a) Define contact material for objects and terrain surface

(b) For digging tool and deformer, define edges and direction vectors

3. For each simulation time-step

(a) Pre-collide update of the solid terrain

i. Predict active zones for deformers and cutting edges intersecting the terrain

ii. Convert voxel mass in the active zone into particles and fluidized mass

iii. Merge resting particles at safe distance outside active zone into voxel mass

iv. Apply terrain equilibration for a soil-consistent terrain state

v. Update the surface heightfield

(b) Collision detection

(c) Generate aggregates

i. Compute the voxel and particle mass distribution in each active zone

ii. Create aggregates, discretised in rigid body pairs locked together

iii. Define minimal set of contacts between aggregate, tool and terrain surface

(d) Penetration force

i. Estimate the pressure force on the digging tool face and cutting edge

ii. Compute penetration force limits

iii. Set a tool-terrain penetration constraint

(e) Solve the coupled dynamics

i. Direct pre-solve for machine-tool-aggregate-terrain surface

ii. Iterative solve for soil particle dynamics and loose objects

iii. Direct post-solve for machine-tool-aggregate-terrain surface

(f) Position update

(g) Post-solve update of the solid terrain

i. Compute the sub-soil stress field from the surface contact forces

ii. Predict soil compaction and redistribute voxel mass vertically

iii. Update the soil strength parameters

3.2 Assumptions and delimitations

The agxTerrain model rests on a number of simplifying assumptions. If these assumptions
are significantly violated the behaviour of the simulation model may deviate from the real
system.

The terrain is assumed nearly homogeneous and isotropic on the length-scale of machine
tool, or contact elements, and down to spatial dimensions of the true grain size. The soil is
assumed not to contain coarse rocks or roots unless modelled explicitly. Moisture content
is assumed constant and homogenous and is therefore not modelled explicitly but only
indirectly by its effect on soil friction and cohesion. Variable temperature is not taken into
consideration.

The terrain is further assumed to be a multiphase solid with an elastoplastic phase and
a fluent phase. In the elastoplastic phase the deformations are assumed to be quasistatic,
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Figure 5: Illustration of the voxelized representation of the terrain and the surface heightfield
(left) that intersect the surface voxels at a position that depend on the solid occupancy of the
surface voxels (right).

with shear strength according to a Mohr-Coulomb law and a plastic compression law that
are independent of strain rate. Inertia effects are assumed negligible. In the fluent phase
the soil is assumed to be a frictional and highly dissipative granular media. Inertia effects
are assumed significant except in regions where the soil is very dilute, an assumption that
is not valid for the motion of the soil but for its effect on the surroundings.

It is assumed that the part of the terrain that is in dense solid phase has an upper
boundary that define a single-valued function, a surface heightfield function z = h(x, y).

3.3 Model components

The different components of the agxTerrain model are described in more technical detail
below.

3.3.1 Solid and fluidized terrain

The soil is regarded as a two-phase media with mass density, compaction and velocity as
fundamental state variables. A set of soil parameters describe the physical properties of
the soil in its nominal bank state. The bank state soil parameters include mass density
ρb, internal friction angle φb, cohesion cb, dilatancy angle ψb, bulk elasticity modulus Eb.
These are collected in a bulk parameter vector

pb =


ρb

φb

cb
ψb

Eb

 . (33)

The mass density, ρ(x, t) = ρs(x) + ρf(x, t), is composed by the solid mass density, ρs,
and fluidized mass density, ρf. The mass distribution is discretised with a regular cubic
grid. Each grid cell, or voxel, has an index triplet i = (i, j, k), center point xi = [xi, yi, zi]
and volume V0 = l30. The solid mass density has a natural bank state value ρb, but can
vary in each voxel ρis ∈ [ρmin, ρmax]. We define solid mass compaction as wi = ρis/ρb. All
voxels except surface voxels are assumed to be fully occupied with solid mass of density
ρis. Surface voxels may be partially filled with solid mass of density ρis occupying a volume
V is ≤ V0. We define solid occupancy by ϕi = V is /V0 ∈ [0, 1]. When the voxel is maximally
filled with solid mass the solid fraction is ϕi = 1. When it is not filled, there is a volume
of void V iv (additional to any void embedded in the solid mass at particle level) such that
V0 = V is + V iv . See Fig. 5 for an illustration. The amount of solid mass in a voxel i is
consequently mis = ρisV

i
s . The dynamic state vector for each voxel thus become

si =


mis
wi
ϕi
ui

 . (34)
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A change in compaction affects the local mass density and soil strength, that is, the local
soil parameters are functions of the voxel’s state vector and of the bank state parameters,
i.e., pbi(si,pb). The time evolution of si(t) is ensured by a set of transition rules in
combination with transformation into and from particles and fluidized mass. These are
constructed to preserve mass and momentum, and model a dynamical system consistent
with the prescribed law of elastoplasticity and material parameters 7.

A voxel may contain both solid and fluidized mass. Fluidized mass is assumed to be in a
gaseous state, loosely packed and lacking bearing capacity. Only voxels with no solid mass
or partially filled surface voxels may contain fluidized mass. Fluidized mass is considered a
temporary matter state, soon to be converted into particle mass or solid voxel mass. During
its short-lived existence, fluidized mass can fall to the ground or be advected with the local
mass flow of particles and solid terrain. Fluidized mass is a buffer that is needed to ensure
total mass conservation while avoiding unphysical states of compaction. The alternative is
to introduce more and smaller particles, but this would dramatically affect the calculation
time. Currently the motion of the fluidized mass is rule-based rather than computed from
a momentum balance equation. Therefore, situations should be avoided where the fluidized
mass dominates over the solid mass or particle mass.

The voxel data representations and operations are implemented using the Open VDB8

library [37]. It is optimized for large, sparse, time-varying volumetric data discretised on a
3D grid and support hierarchical representations.

3.3.2 Terrain surface heightfield

A surface heightfield z = h(x, y) is assigned to the terrain. It has the role of collision
geometry with other objects and for visualization of the current shape of the terrain. It has
a discrete representation hij = h(xi, yj). The height value in a column (i, j) is the centre
position, zi′ of the top-most non-empty voxel, i′ = (i, j, k′), plus the local mass fill ratio
relative to that voxel centre, i.e.,

hij = zi′ + (ϕi′ − 1/2)l0, (35)

Note that this make the surface heightfield a continuous function of the solid occupancy.
Between the grid points the surface height field is interpolated linearly. See Fig. 5 for an
illustration.

3.3.3 Subsoil stress from surface contacts

Surface contacts are grouped into contact patches with total normal force fs. Each contact
patch cover a certain surface area, As, equal to the sum surface voxel areas Ajs inside
the patch. The normal stress is assumed evenly distributed over the contact patch, i.e.,
σjs = fs/As. The subsoil stress in a voxel i at depth zi and straight under i is computed as
σi(zi, σ

j
s , A

j
s ) using Eq. (27). This is illustrated in Fig. 6.

3.3.4 Soil compaction

The model for soil compaction described in Sec. 2.5.1 is assumed. The local state of com-
paction in a voxel i is determined by Eq. (29) to

wi =
ρi
ρb

=

[
1− ϕbCc ln

(
σi
σb

)]−1

(36)

7The model architecture and data structures are prepared for a representation of multidimensional
fields of displacement, velocity, strain and stress, but currently there is no supported implementation for
elastodynamics, or for plastic or viscous flow based on numerical time-integration of the time evolution
equations (15) and (16).

8https://www.openvdb.org
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j

i

Figure 6: The contact forces (vectors) lead to a normal surface stress on a contact patch (blue)
from which the subsoil stress in a voxel i (pink) is estimated. If a voxel is compacted the cor-
responding amount of soil mass is propagated vertically from voxels above leading to a sinking
heightfield surface.

where σi is the estimated stress in voxel i. The compaction is clamped to a state of
maximum mass density ρmass and the stress propagation is truncated at a depth where it
is smaller than a given threshold σmin.

When compaction occur, soil mass is propagated vertically to fulfil the condition that all
solid mass voxels, except surface voxels, have unit solid occupancy. The surface heightfield
will move downwards as a consequence of the soil compaction.

The local soil parameters are updated from the local state of compaction using the
formulas in Sec. 2.5.2. The dilatancy angle is computed

ψi = cρ [wi − wc] (37)

The internal friction become µi = tanφi with effective angle of internal friction

φi = φb + ψi (38)

The critical mass compaction w−1
c is usually not known. If it is set to wc = 1 the soil is

non-dilatant at bank state. If it is set to wc = ρmin/ρb the soil will always be dilatant. The
elastic modulus is computed

Eibulk = E0
bulk [1± kE |wi − 1|nE ] (39)

with hardening parameters kE and nE and the sign depending on compaction or expansion.
Soil compaction is considered to be a plastic deformation. The compacted state is per-

manent until the soil is disturbed with a new load or put into shear flow e.g. by excavation.
The same holds the altered soil stiffness and strength.

3.3.5 Terrain equilibration

A soil has a maximum angle of repose δb. For simplicity we identify the angle of repose
of a soil with the effective internal friction angle, given by Eq. (38). Beyond this slope the
terrain is not in a stable equilibrium and would fail and avalanche into a valid state if it
is transformed into pseudo-particles. Terrain equilibration is an algorithm that searches
the voxelized terrain for local slopes that exceed the angle of repose and perform a local
mass distribution in the steepest direction. The algorithm is an iterative process, a cellu-
lar automata [43], that terminates when the terrain is in a valid equilibrium state. The
algorithm can be limited to a maximum change in solid occupancy per time-step, which is
equivalent to a maximum flow rate. The resulting terrain equilibration correspond to an
avalanche flow that occur either instantaneously or gradually. This is applied automatically
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at each simulation time-step. It is recommended to apply terrain equilibration when a new
terrain is created or modified by direct operation on the solid voxel mass distribution or
soil parameters.

3.3.6 Digging tool

A digging tool is equipped with a cutting edge and a top edge. These are assumed to be
parallel. A digging tool is also assigned a penetration direction orthogonal to the cutting
edge. See Fig. 7 for an illustration. This enables soil penetration and cutting. If the digging
tool is not a flat blade, but of concave shape, the penetration direction implicitly indicate a
primary separation plate and an inner shape that is the void enclosed by the cutting edge,
top edge and the concave tool surface connecting them. When a cutting edge overlap with
nonempty voxels an active zone (section 3.3.8) is predicted. The digging tool will experience
the resistance of an aggregate body (section 3.3.13), that represent the soil mass inside the
active zone with frictional cohesive contacts with the tool and the terrain.

A digging tool also experience a penetration force on the primary separation plate and
cutting edge. If the digging tool has teeth at the cutting edge, this can be accounted for
in the penetration force model. The model takes the number of teeth, and their diameter
at the tip and at the base, as input. The penetration resistance force is modeled with a
velocity constraint tTp ve = 0. This produce a constraint force, fp, hindering any motion of
the tool with the cutting edge velocity ve in the penetration direction tp. The constraint
force is given an upper and lower limit9

fp,min ≤ fp ≤ fp,max , where
fp,min = −fps(pn)
fp,max = fps(pn) + fpt(pt)

. (40)

Only if the constraint force reaches this limit will the tool be able to move in the penetration
direction. The penetration resistance of the separating plate, fps(pn) = (ca+pnµtool)As, and
of the teeth, fpt(pt) = fpt = nt [pt + (ca + ptµtool)/ tanα]At, are described in Sec. 2.3.3.
The normal pressure, pn, is computed by Eq. (22), taking the lateral earth pressure and tool
inclination into account. The tooth pressure is modelled by the cavity expansion theory,
and we use the pressure at the elastic to plastic transition in Eq. (26). A digging tool with
no teeth is modelled as a tool with a single teeth, i.e., nt = 1.

tp

ns2

ns1

Figure 7: The left image illustrate a digging tool with a cutting edge (red line), separating plate
(red face), deformer edge (blue line), deformer face (blue face) and top edges (yellow line). The
inner shape is indicated with the dashed lines. The penetration direction, separation normal and
deformation normal vectors are indicated. The right image illustrates the formation a secondary
separation plate, moving from the original separation plate (ground plate) to the plane that con-
nects the cutting edge and top edge as the bucket fill ratio increase.

As the digging tool is filled with material this forms a dead load that acts as a secondary
separation plate. When the digging tool is entirely full, the secondary separation plate is

9Up to version AGX 2.27, the lower limit is fp,min = −fps(pn) − fpt(pt).
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defined by the plane connecting the cutting edge and the top edge. When it is empty the
separation plate is set by the ground plate (penetration direction). When the digging tool
is partially filled, the inclination of the separation is a continuous interpolation between
these limits. The model contains a parameter10 for what fraction of the bucket fill ratio the
secondary separation plate is fully developed. This make the transition of the separation
plate to secondary separation smooth. The orientation of the separation plate is used to
compute the size and shape of the active zone, which in turn affect the digging tool reaction
force. No particles contact directly with the secondary separation plate.

A digging tool with side walls, such as the bucket in Fig. 7, can be equipped with pairs
of deformation edges and parallel top edges. This enables soil displacement in the direction
of the deformation normal. This part of the digging tool then acts as a soil deformer, which
is explained in the following section.

3.3.7 Soil deformer

A soil deformer is an object that interact with the terrain trough pushing soil instead of
cutting soil. A soil deformer can be assigned one or several pairs of deformation edges and
parallel top edges. The pairs define separation plates which can displace soil and experience
resistance force. A deformation edge and face has no inner shape, no secondary separation
plate and no additional penetration resistance to that of the aggregate. The shape of the
deformer surface is assumed flat or concave and is given a normal orthogonal to the defining
edges. An example of box-shaped deformer is shown in in Fig. 8. Similar to a cutting edge,
a deformation edge that overlap with nonempty voxels indicate an active zone that liberate
solid mass into fluidized, forming particles and an aggregate body that resist the motion of
the deformer thanks to frictional cohesive contacts with the tool and the terrain.

β

θ

vd

n

Figure 8: Illustration of a box-shaped soil deformer with deformation edges (blue) and top edges
(yellow). The active zones define aggregates that provide resistance. The soil material inside the
active zones is not converted into particles but is displaced directly using the resulting velocity of
the body projected on the respective face normal.

3.3.8 Active zone

The active zone is approximated by a wedge (several actually), similar to as described in
Sec. 5.1, and we propose a generalization to sloped terrain that differs from Park’s model in
Eq. (20). In the proposed model, motivated by DEM simulations and illustrated in Fig. 9,
the angle between failure plane and the terrain surface is

θ(φ, β) =
π

2
−
(
φ+ β

2

)
, (41)

where β is the angle between the tool and the terrain surface and φ is the mass weighted
average of the local internal friction angles φi in the active zone. The angle θ between

10SecondarySeparationDeadloadLimit
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failure plane and the terrain surface is also an average found after a uniform of the wedge
along the cutting edge and an averaging search along each vertical segment.

β

θ

≤ fp

Figure 9: Illustration of the wedge base active zone model with the effective separation plate and
failure surface indicated.

A general terrain surface is not plane. Therefore the shape of active zone is not approx-
imated by a single wedge, but discretised along the cutting edge (or deformer edge) by a
number of vertically aligned wedges, as illustrated in Fig. 8 and 9. For each soil wedge, an
individual failure angle is computed based on the local tool-terrain inclination and internal
friction. Consequently, the shape of the failure zone can vary along the cutting edge (or
deformer edge). This allows for realistic soil-tool interaction in terrain with complex shape.

3.3.9 Conversion from solid mass

When a cutting edge moves into voxels with solid mass, a failure surface is predicted and
the mass inside the active zone is converted into particles or fluidized mass. Voxels that
are partially inside the active zone are only partially converted into particle or fluidized
mass such that the resulting surface heightfield coincide with the failure surface. This is
illustrated in Fig. 10. The to-be-converted solid mass can produce new particles or be
accumulated by already existing particles that grow correspondingly. The conversion is
local to the voxel or its neighbours. The size of the particles range between a minimum
and maximum size. There may be insufficient space for conversion into particle mass. That
lead to residual mass that is converted into fluidized mass.

current height

new height

current blade tip pos

new blade tip pos

solid terrain

fluidized terrain + particles

new fluidized terrain

new failure plane

current failure plane

current height field

tn tn+1 tn+1
pred

Figure 10: As a blade and its active zone moves into the terrain, new solid voxels are resolved into
particles or fluidized mass that form the aggregate body. The voxel height value, corresponding to
the solid occupancy, is found by projection to the failure plane of the active zone.

3.3.10 Particle creation, growth and mass exchange

The change in solid occupancy means a corresponding change in solid mass. This change
is converted first into fluidized mass and next into particle mass, either by creating new
particles or by adding to existing particles that consequently grow in size given the fix
particle mass density. Mass may also be exchanged between particles. The particle size is
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restricted by a minimal and maximal size, d ∈ [dmin, dmax], growth of the smallest particles
are favoured and there is a maximum growth rate, ḋ ≤ ḋmax. The mass exchange is limited
to occur in bins of size 3 × 3 × 3 voxels. By construction, all mass exchange operations
preserve the total mass and respect the mass continuity equation locally.

If not all liberated solid mass in a voxel can be converted into particle mass it remains
as residual fluidized mass. Any fluidized mass found outside the active zone is projected
vertically onto the heightfield surface, where it is converted back into solid mass. Inside the
active zone the fluidized mass is transported with the local particle velocity. If the fluidized
mass density is found to exceed the maximum value ρb, the excess fluidized mass is simply
propagated upwards (opposite the direction of gravity) to vacant voxels.

3.3.11 Conversion from particles into solid mass

Particles that come to rest on the terrain outside an active zone are converted back to solid
voxel mass. The conversion condition includes thresholds on the contact velocity, distance
to nearest active zone and a delay time for meeting these conditions. A swell factor is
applied to the soil that is converted from particles into solid voxel mass. The stiffness and
strength of the swollen voxel mass is computed as in Sec. 3.3.4. After conversion into solid
voxel mass the terrain is equilibrated as described in Sec. 3.3.5.

If there is a gap between the cutting edge to the terrain heightfield surface, the particles
in the vicinity will decay gradually by losing part of its mass to the solid terrain until the
gap is filled. This enables high-resolution grading even when the gap is smaller than the
particles. This is illustrated in Fig. 11 and 12.

current height

new height

current blade tip pos

new blade tip pos

solid terrain

new solidized terrain

new failure plane

current failure plane

current height field

tn tn+1 tn+1
pred

fluidized terrain + particles

Figure 11: A raising blade causing a gap between the cutting edge and the terrain, that is filled
by conversion of particle or fluidized mass.

Figure 12: Higher detail of a raising blade filling of the gap by conversion of particle or fluidized
mass.

3.3.12 Soil particles

Mass inside the active zone is converted into a pseudo-particle representation of the soil.
That means that the particles do not represent the true grains with their actual distribution
of size, shape and mechanical properties. Instead, the soil is represented by a collection of
large spherical particles with contact parameters - elasticity, friction, cohesion and rolling
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resistance - that are calibrated to produce a bulk material with the very same mechanical
properties assigned that is to the terrain, e.g., internal friction and bulk cohesion. The
particle parameter vector is

pp =


ρp

µt

µr

cp
Ep

 . (42)

The pseudo-particles are simulated using NDEM with a PGS solver (section 2.1.3) in a
co-simulation fashion, where the particle system experience the surface heightfield, digging
tool and machine as kinematic bodies with collision shapes. The particle simulation time-
step is set equal the main simulation time-step. The number of PGS solver iterations is kept
as low as possible, e.g., Nit = 25. This is possible thanks to the aggregate body mediating
the strongly coupling between the tool, machine and terrain surface.

3.3.13 Aggregate bodies

The pseudo-particle and fluidized mass inside the active zone of a digging tool form an
aggregate body, see Fig. 4, which is the object the digging tool and machine experience
rather than the particles directly. The mass and inertia tensor is computed from the
current distribution of particle and fluidized mass. The set of contacts between particles-to-
heightfield and particles-to-digging-tool are reduced to a minimal contact set and is assigned
to the aggregate body. The contacts are frictional and cohesive. The force situation is thus
very similar to the FEE (19) in Sec. (5.1) but allows for dynamics and inertia.

The aggregate is split into two rigid bodies interconnected with a 6 degrees of freedom
(d.o.f.) lock constraint. Each of the two bodies inherits the original aggregate’s contacts
with the soil tool and the surface heightfield, respectively, and possess no additional collision
shape. The 6-d.o.f. constraint is given compliance and force limits so that the aggregate
can yield at critical stresses. This avoid the aggregate from behaving unnaturally rigid and
overestimation of the reaction force on the tool. The splitting has also a stabilizing effect
as the constraint filters out any high frequency contact fluctuations by dissipation.

Figure 13: Illustration of a rigid aggregate, that is split in two rigid bodies (pink and green)
interconnected with a 6-d.o.f. constraint with compliance and force limits for yielding at critical
stress.

4 Parametrization and calibration

4.1 Terrain parameter calibration

The parametrization and calibration of the terrain parameters consist of two steps. The
first step is to determine (or choose) the bulk mechanical parameters of the real system that
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the simulation model is intended to represent. The second step is to ensure that particle
parameters are consistent with the bulk mechanical properties.

There are a number of tests for characterizing soil and calibrate models [64, 10]. The
list of tests include uniaxial compression, direct shear [16, 31], annulus shear, triaxial test
[10, 54, 5, 40], tilt box [56], cone penetrometer [26, 22], plate test and blade test[40]. The
triaxial test is regarded very reliable but is carried out with a material sample put in a
testing apparatus and usually in a laboratory environment. The direct shear test is easier
to carry out with mobile equipment that can be brought to the field. The cone penetrometer
test is ideal for in-situ testing, but the measured cone index do not isolate any specific bulk
parameter directly. These three tests are illustrated in Fig. 14 for illustrations of some of
the tests.

 a
xd

σ1

σ1 

σ3 σ3

fn

ft

f

σ2

Figure 14: Three common tests for soil parameter identification and calibration are the triaxial
test (left), direct shear test (middle) and cone penetrometer (right).

The bulk tests typically provides numeric value to one or more components of the bulk-
mechanics soil parameter vector, pb, in Eq. (33) that include the mass density, internal
friction angle, dilation angle, cohesion, bulk elastic modulus. Additional parameters, such
as angle of repose, can also be included. It should be noted that the parameter values
typically depend on the packing density (or hydrostatic pressure) at which the test is
performed. It is important that the soil sample and test procedure matches the intended
bank state. It should also be noted that these values hold for a specific moisture content.
If it is not known how these parameters change with moisture it is safest to consider two
identical materials, apart from having different moisture content, as two separate materials.

For a given soil bulk parameter vector in the space of possible soils, pb ∈ Pb, it is
important that the pseudo-particle parameters have consistent values so that the particle
system exhibit the very same bulk mechanical properties. One way of achieving this is to run
a series, n = 1, 2, . . . , N , of virtual soil characterization experiments, covering a reasonable
part of the particle parameter space {pnp}N ∈ Pp, and measuring the corresponding bulk
parameters {pnb}. The calibrated particle parameters are the one that best fit the bulk
properties, i.e.

min
pn
p∈Pp

|pb − pnb | . (43)

There is vast literature of characterization of bulk properties of soil. Rather than con-
ducting new experiments it is practical to choose among existing sets of soil parameters,
e.g., for sand, gravel, dirt etc. To ease this, a small terrain library is provided in Table 1
with pre-calibrated particle parameters. Having a function for pb = f(pp), or its inverse
pp = f−1(pb), would be practical and is research in progress. But it appears that the
particle parameters do not uniquely define the bulk parameters, see Fig. 18 from [63].

4.2 The direct shear test

The direct shear test consist of three rigid bodies that constitute a shear cell that confine
a particle sample. The bodies are a load body, top body and a shear body. The top body
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Figure 15: Illustration of the shear force as function of displacement of the shear box for a dense
packed material and a loose packed material.

is fix. The load body is free to move vertically. The weight of the load body fl = mlg
lead to a normal force fn(t). Because of the dynamics, the normal force is not necessarily
constant. The shear body is driven in a direction t orthogonal to gravity at a controlled
speed vt. The material resists this motion with a tangential shear force ft(t) that is the
particle contact forces onto the shear body projected along t. If the particle sample is not
very loose, the typical behaviour is that ft(t) increase quickly up to a peak strength fpeak

t ,
after which it levels off to a residual strength f residual

t , see Fig.15. The Coulomb internal
friction coefficient for direct shear, at peak strength, is defined

µshear = fpeak
t /fn (44)

where ft is assumed to be measured at stationary equilibrium. This defines a Coulomb
internal shear angle θshear = arctanµshear. Similar quantities can be computed for the
residual shear strength. The Coulomb internal shear angle is different from, but related to,
Mohr the internal friction µb and corresponding angle φb = arctan(µb) that occur in the
Mohr-Coulomb law [3]. The relation to the Coulomb friction angle is

sinφb = tan θshear = µshear (45)

The material sample is first prepared into a state of initial packing. This is achieved by
applying hydrostatic compression at a certain stress σh. The initial packing determines the
shear strength at initial yield (fpeak

t /fpeak
n ) and dilatancy. The shear strength at stationary

shearing (f residual
t /f residual

n ) should however not depend on the initial packing and pressure.

4.3 Triaxial test

The triaxial test is one of the most popular geotechnical laboratory tests for identifying the
bulk cohesion, cb and the internal friction angle, φb. The bulk elasticity, Poisson’s ratio
and dilatancy angle can also be identified.

The test procedure can be divided into the two phases of consolidation phase and shear
phase. A soil sample is confined between two horizontal plates and surrounded by a cylindri-
cal elastic membrane or four vertical sidewalls. During the consolidation phase the sample
is subject to isotropic compression. During the shear phase the vertical plates are driven
inward at constant velocity. The lateral stress, σ2 = σ3, is held constant. The major stress,
σ1, and thus also the stress deviator, σdev = σ1 − σ3, is gradually increased to the point
where the sample fails and starts shearing indefinitely.

The soil mechanical properties are determined from analysing the stress-strain curves
and Mohr circles. Figure 16 shows two typical stress-strain curves obtained from such a
test. At peak strength the sample fails and starts shearing. The secant modulus of elasticity,
Esec, is the slope of the secant drawn from the origin through the point of 50% deviator
stress at peak strength. Similarly one can identify the secant Poisson’s ratio, νsec from the
initial soil expansion.
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Figure 16: Example of deviator stress and volumetric strain as a function of the deviatoric (axial)
strain from a triaxial test. The curves show typical behaviour of for instance dense, dry sand.

The soil strength parameters are determined by performing several triaxial tests with
different confining pressures, construct the Mohr circles and the Mohr-Coulomb failure
envelope to identify the shear strength parameters, cb and φb.

σdev

σ1 - σ3

σ1 - σ3' '

εdev

cb

ϕb

𝜏n

σnσ3' ' σ1σ3 σ1

Figure 17: Example of typical stress-strain curves and corresponding Mohr-circles and the Mohr-
Coulomb failure envelope. The circles diameters equal to the peak strength deviator stress.

4.4 Terrain library

The terrain library presented in Table 1 has been developed using the direct shear test
and triaxial test for mapping the particle parameters to bulk mechanical parameters, see
Appendix B and [63]. The shear tests are consolidation to 1 kPa and the triaxial test to
10 kPa, creating initial packings that are close to incompressible. The tangential particle
cohesion is an experimental feature and currently not accessible in the main release of AGX
Dynamcis or agxTerrain .

Table 1: Relation between particle and bulk parameters using a direct shear test or a triaxial test
(gray rows, from [63]).

Name µt µr cpn cpt Ep φb µshear cb
Gravel-1 0.4 0.3 0 0 0.1 37◦ 0.60 2
Sand-1 0.3 0.1 0 0 0.1 29◦ 0.49 1
Sand-2 0.6 0.1 0 0 0.1 33◦ 54 2
Wet-sand-1 0.3 0.1 3 0 0.1 26◦ 0.44 4
Dirt-1 0.4 0.1 2.5 0 0.1 23◦ 0.38 3
Dirt-2 0.4 0.1 12.7 0 0.1 29◦ 0.48 17
Dirt-3 0.4 0.1 63.7 0 0.1 31◦ 0.51 51
Dirt-soft-1 0.4 0.1 2.5 0 0.01 21◦ 0.36 4
Clay-1 0.15 0.025 2.5 0.5 0.1 41◦ 0.65 112
Clay-2 0.06 0.01 2.5 0.5 0.1 39◦ 0.62 106
FS-strong 0.5 0.1 0 0 0.1 44◦ 0.69 0
FS-weak 0.3 0.05 0 0 0.1 25◦ 0.42 0
CFS-strong 0.3 0.05 23 0 0.1 34◦ 0.56 12
CFS-medium 0.3 0.05 12 0 0.1 35◦ 0.57 6
CFS-weak 0.15 0.025 23 0 0.1 25◦ 0.42 8
CFS-weakest 0.06 0.01 23 0 0.1 15◦ 0.26 6
CS-weak 0.06 0.0 50 0 0.1 6◦ 0.10 10
Units [kPa] [?] [GPa] [deg] [deg] [kPa]
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Figure 18: The mapping between the particle parameters of cohesion (left), rolling resistance
(middle) and tangential friction (right) to the bulk parameters internal friction angle (horisontal
axis) and bulk cohesion (vertical axis) from 100 different numerical soils investigated using the
triaxial test. The figure is taken from [63].

The mapping between the particle and bulk parameters from the triaxial test of 100
different numerical soils is visualized in Fig. 18. The symbols indicate the following soils
in Table 1: < for FS strong, ∧ for FS weak, > for CFS strong, ∨ for CFS medium, � for
CFS weak, + for CFS weakest and ♦ for CS weak.

4.5 Digging tool parameter validation and calibration

There are three parameters that control the tool-terrain interaction and affect the soil
reaction force. The parameters and their defualt values are secondary separation deadload
limit (0.2), the penetration force scaling (1.0) and aggregate stiffness multiplier (1.0), which
have the default values 0.2, 1.0 and 1.0, respectively. If the soil resistance force is too small
(or large) these parameters can be increased (decreased) in value. If the resistance force
has large fluctuations the aggregate stiffness multiplier may need to be decreased.

When there are no available measurement data, the recommended way to do validation
and calibration is to perform high-resolution simulations with a fine grained NDEM and
rigid multibody simulation, where the soil resistance force is primarily an effect of the
geometric shape and motion of the tool as it interact with the particle-based soil. This
assumes that the NDEM contact parameters have the suitable values for a desired type of
soil. Example of validation simulations are given in Sec. 5.

5 Simulations

The agxTerrain model is validated through comparison with simulations of different earth-
moving processes performed using a fully particle-based terrain model. The expectation is
that the models for the active zone, separation and penetration resistance that is predicted
by agxTerrain coincides with what emerges automatically in the fully particle-based sim-
ulations due to the local contact model and collective force network and bulk flow. These
comparison also serve as calibration tests to determine and adjust any parameters in the
agxTerrain model that are otherwise unknown.

The results in Sec. 5.1 and 5.2 are made using a development branch of agxTerrain

with improvements on the geometric representation of the digging tool’s inner shape and
aggregate body contact points. With AGX 2.28.0.0 and older versions, the difference in tool
reaction force between NDEM and agxTerrain simulations show much larger deviations
(up to 25-50%) than presented here.

5.1 Excavation

Simulations are performed with a primitive model of an excavator arm and bucket digging
in a flat bed of terrain. Still images from the NDEM and agxTerrain simulations are

28



agxTerrain Tech report v. 1.01 (2020-03-05)

Figure 19: Comparison excavation simulations using NDEM model (left) and agxTerrain model
(right) for the purpose of validation and calibration.
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Figure 20: Comparison simulations using NDEM model (left) and agxTerrain model (right) for
the purpose of validation and calibration.

shown in Fig. 19. The terrain material is set to Dirt-1 (see Sec. 4.4). The digging motion
is realized by controlling the link actuators, by assigning the hinge motor a set angular
velocity as function of time. The bucket speed is roughly 0.5 m/s. The motors are assigned
a limited maximum torque and will not be able to perform the planned trajectory of the
digging resistance become too large.

The NDEM simulation uses 50 mm particles, 1 ms time-step and 250 PGS solver itera-
tions. The agxTerrain simultion is run with 10 ms time-step and 0.1 m element size. The
number of particles in the NDEM simulation is 200×103 while the agxTerrain simulation
amounts up to roughly 1000 particles and run at realtime performance. The difference in
simulation speed is roughly a factor of 2000 times on a i7-8700K 3.7 GHz CPU running 8
threads.

The trajectories of the bucket tip is shown in Fig. 20. The trajectory deviation between
the two simulation models is nearly indistinguishable.

The terrain surfaces after the digging cycle are shown in Fig. 21. The negative volume
change (the dug hole) amounts to −0.20 m2 in the NDEM simulation and −0.17 m2 in the
agxTerrain simulation. The positive volume changes (the pile and the side berms) are
0.29 m2 and 0.12 m2. The differences are 15 % and 41 %. respectively. The discrepancy in
mass is accounted for in the bucket.

The digging resistance forces on the bucket are shown in Fig. 22 for the two different
models. The forces are in good agreement after calibration of the secondary separation
deadload limit to 0.2, penetration force scaling to 2.0 and aggregate stiffness multiplier
to 1.0. The shovel stiffness multiplier was calibrated to 0.015. The main difference can
be observed during the initial penetration into the soil, during 0.5 to 1.0 s, where the
penetration force grows faster in the NDEM simulation than in the agxTerrain simulation.

The evolution of the active zone can be seen in seen in Fig. 23. The failure angle is
measured to 34 − 41◦ during the bucket filling. This should be compared to the value
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Figure 21: The resulting terrain surfaces after an excavation cycle with NDEM simulation (left),
agxTerrain simulation (middle) and their difference (right).
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θ = 34◦ that is predicted by Eq. (41) with φ = 23◦ for Dirt-1 and β = 90◦ for the planar
bed. The model by Park, in Eq. (20), predict θPark = 23◦.

The active zone is also analyzed for digging in sloped terrain using high-resolution
particle-based simulation, see Fig. 24. The failure angle is measured to 41◦. The model in
Eq. (41) predict θ = 44◦ while the Park model predict θPark = 45◦.

5.2 Bulldozing

Simulations are performed with a blade bulldozing in a flat bed of terrain. Still images from
the NDEM and agxTerrain simulations are shown in Fig. 25. The terrain material is set to
Dirt-1 (see Sec. 4.4). The blade is attached with a lock constraint to body which motion
is controlled via motor constraint. The blade target velocity is 1.0 m/s and the cutting
depth is about 0.05 m. The blade is 1.6 m wide and hass a mass of 100 kg. It is a attached
to a kinematic body using a lock constraint. The blade reaction force is measured from
that constraint force. The penetration force scaling was kept at default 1.0 and so was the
secondary separation deadload limit at 1.0. The shovel stiffness multiplier was calibrated
to 0.008.

Figure 25: Comparison bulldozing simulations using NDEM model (left) and agxTerrain model
(right) for the purpose of validation and calibration.

The terrain surfaces after the bulldozing cycle are shown in Fig. 26. The negative volume
change (the cut material) amounts to −0.23 m2 in the NDEM simulation and −0.17 m2 in
the agxTerrain simulation. The positive volume changes (the pile and the side berms) are
0.30 m2 and 0.23 m2. The differences are 26 % and 23 %. respectively. The discrepancy in
volume correspond to material swelling by 30 % and 35 % , respectively.
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Figure 23: The evolution of the active zone during excavation with the failure angle estimated
to 30− 41◦ degrees. The particles are colour coded with blue to red ranging between 0 and 1 m/s.
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Figure 24: Analysis of the active zone from digging in sloped terrain using particle-based simu-
lation.
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Figure 26: The resulting terrain surfaces after a bulldozing cycle on an NDEM terrain (left) and
an agxTerrain (right).

The evolution of the bulldozing sequence and the active zone can be seen in seen in
Fig. 27. The failure angle is measured to 30◦ during the bucket filling. This should be
compared to the value θ = 34◦ that is predicted by Eq. (41) with φ = 23◦ for Dirt-1 and
β = 90◦ for the planar bed. The model by Park, in Eq. (20), predict θPark = 23◦.

Figure 27: The evolution of the active zone during bulldozing . The particles are colour coded
with blue to red ranging between 0 and 1 m/s.
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Figure 28: The bulldozing resistance force on the blade from NDEM (blue) and agxTerrain

(orange) split in horizontal (left) and vertical (right) components.
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6 Conclusions

It is possible to capture complex soil behavior and realistic reaction forces on earthmoving
equipment with a multiscale model for dynamic terrain that enables realtime simulation of
earthmoving equipment and heavy vehicles. The model combines continuum soil mechanics
discretised in fix voxels, pseudo-particles for capturing the flow behavior and a rigid aggre-
gate model for the inertia and strength of the active soil contacting the tool. The result
is a relatively low-dimensional model that may be simulated with large timestep and small
CPU and memory footprint. In the excavation example in Sec. 5.1 the agxTerrain model
has 1000 times less number of degrees of freedom and is 2000 times faster to simulate than
the corresponding nonsmooth DEM model.

The key parameters are the conventional bulk mechanical properties of the soil. It is
important that the pseudo-particle parameters are consistent with the set bulk properties.
Therefore, it is advised to rely on a material library that provide such matching sets of pa-
rameters, determined from bulk validation and calibration tests performed using nonsmooth
DEM simulation.

The realtime model is validated using resolved multibody and DEM simulations of
excavation and bulldozing. The soil tool reaction force depends on parameters that are not
always known, e.g., the precise geometric shape of the tool. The recommended procedure
for determining the proper numerical value for these parameters, is to calibrate them using
resolved multibody and DEM simulations using the terrain library.
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Appendix A - Parameters in the cavity expansion model

The model parameters in the cavity expansion model in Sec. 2.3.3 of Yu and Houlsby [66]
are Young’s modulus E, Poisson ratio ν, internal friction angle φ, cohesion c and angle of
dilation ψ, tool tip diameter a0, tool base diameter amax and

Ȳ =
2c cosφ

1− sinφ
(46)

G =
E

2(1 + ν)
(47)

ᾱ =
1 + sinφ

1− sinφ
(48)

β̄ =
1 + sinψ

1− sinψ
(49)

γ̄ =
ᾱ(βφ +m)

m(ᾱ− 1)β̄
(50)

δ̄ =
Y + (ᾱ− 1)p0

2(m+ ᾱ)G
(51)

η̄ = exp

[
(β̄ +m)(1− 2ν)[Ȳ + (ᾱ− 1)p0][1 + (2−m)ν]

E(ᾱ− 1)β̄

]
(52)

ξ̄ =
[1− ν2(2−m)](1 +m)δ̄

(1 + ν)(ᾱ− 1)β̄

[
ᾱβ̄ +m(1− 2ν) + 2ν − mν(ᾱ+ β̄)

1− ν(2−m)

]
(53)

Appendix B - Direct shear simulation data

Results from numerical direct shear experiments to calibrate pseudo-particle parameters to
and bulk mechanical parameters. The direct shear test is perform as described in Sec. 4.2
using the nonsmooth DEM. Specifications of the shear cell and default particle properties
and simulation settings are given in Table 2, 3 and 3. Images from a simulation is shown
in Fig. 29.

Figure 29: Image from a shear test simulation with the shear cell divided in a load body (green),
static top body (blue) and a driven shear body (yellow).

The top body is a static body composed of six composite box geometries that form a
void with rectangular cross-section and dimensions L× L. The load body is a single rigid
body of mass Ml connected to the top body with a prismatic joint, such that it is free to
move in the direction of gravity (up and down). The contacts between the load body and
the interior of the top body are disabled (actually the load body is slightly smaller, such
that a small gap arises). The shear body is composed of seven box geometries and given
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Table 2: Shear cell characteristics.

L ∼ 1.65 m inner side length
h ∼ 0.6 m inner height of shear cell
Ml [2.5, 40] × 103 kg load mass range
vs 0.1 m/s shear velocity
σh 1.0 kPa initial hydrostatic pressure

Table 3: Particle characteristics - nominal values.

d [0.06, 0.85, 0.1] m particle size
fs(d) [0.2, 0.3, 0.5] size distribution
m [0.2, 0.6, 1.0] kg particle masses
Np ∼ 4k number of particles
Ep 108 Pa Young’s modulus
µt variable surface friction 11

µr variable rolling resistance 12

cp variable particle cohesion
dc 0.005 adhesive overlap

a mass Ms. It is treated either as a kinematic body or a dynamic body, in which case it
is constrained with a prismatic joint with a motor, such that its motion in the horizontal
shear direction is controlled by a constraint motor producing a constraint force aiming at
moving the body at a set target speed vt. The initial height of the material sample is h
and the inner height of the shear body is hs = h/2.

The material is modeled as a granular body system with a contact model that includes
elasticity, friction, rolling resistance and cohesion. The particles has size is distributed over
three discrete classes: 60, 85, 100 mm. The particle solid mass density is 2000 kg/m3. The
particle cohesion force limit is derived from particle cohesion cp in units Pa by multiplying
cp by the particle cross section area.
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Direct shear test - Gravel-1

y =0.60 x+5.78, r2=1.00, s =0.02,
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Table 4: Simulation parameters - nominal values.

∆t 0.001 time-step
Nit 1500 PGS iterations for coarse and fine
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Direct shear test - Sand-1

y =0.49 x+2.56, r2=1.00, s =0.01,
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Direct shear test - Sand-2

y =0.54 x+4.76, r2=1.00, s =0.01,
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Direct shear test - Wet-sand-1

y =0.44 x+11.01, r2=1.00, s =0.01,
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Direct shear test - FS-strong

y =0.54 x+12.82, r2=1.00, s =0.02,
φp =32.67, φs =28.36, c =4.88 kPa
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Direct shear test - FS-weak

y =0.45 x+7.76, r2=1.00, s =0.02,
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Direct shear test - FCS-strong-1

y =0.43 x+14.74, r2=1.00, s =0.02,
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Direct shear test - FCS-strong-2

y =0.53 x+21.93, r2=0.99, s =0.03,
φp =31.84, φs =27.81, c =8.35 kPa
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Direct shear test - FCS-weak-1

y =0.37 x+1.44, r2=1.00, s =0.00,
φp =21.44, φs =20.08, c =0.55 kPa
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Direct shear test - FCS-weak-2

y =0.28 x+2.13, r2=1.00, s =0.00,
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Direct shear test - Dirt-1

y =0.38 x+7.49, r2=1.00, s =0.01,
φp =22.59, φs =21.01, c =2.85 kPa
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Direct shear test - Dirt-2

y =0.48 x+43.43, r2=1.00, s =0.02,
φp =28.71, φs =25.66, c =16.53 kPa
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Direct shear test - Dirt-3

y =0.51 x+135.08, r2=0.99, s =0.03,
φp =30.94, φs =27.21, c =51.41 kPa
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Direct shear test - Dirt-soft-1

y =0.36 x+11.81, r2=1.00, s =0.01,
φp =21.34, φs =20.00, c =4.49 kPa
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Direct shear test - Clay-1

y =0.65 x+294.45, r2=0.96, s =0.10,
φp =40.72, φs =33.12, c =112.06 kPa
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Direct shear test - Clay-2

y =0.62 x+278.89, r2=1.00, s =0.03,
φp =38.63, φs =31.97, c =106.14 kPa
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